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MODULE PSEUDO-AMENABILITY OF BANACH ALGEBRAS 


ABASALT BODAGHI AND ALI JABBARI 


Abstract. The notions of module pseudo-amenable and module pseudo-contractible Banach 
algebras are introduced. For a Banach algebra with bounded approximate identity, module 
pseudo-amenability and module approximate amenability are the same properties. It is given 
a complete characterization of module pseudo-amenability for a Banach algebra. For every 
inverse semigroup S with subsemigroup E of idempotents, necessary and sufficient conditions 
are obtained for the £ 1 ( S ) and its second dual to be i 1 (F^)-module pseudo-amenable. 


1. INTRODUCTION 

Ghahramani and Zhang in m introduced two new notions of Johnson’s amenablility without 
boundedness; pseudo-amenability and pseudo-contractibility. They compared these notions with 
some of those that were investigated earlier in m and [U . They also studied pseudo-amenability 
and pseudo-contractibility of Banach algebras associated to locally compact groups such as group 
algebras, measure algebras and Segal algebras. Indeed, for a locally ompat group G, the group 
algebra L 1 (G) is pseudo-amenable if and only if G is amenable. 

The concept of module amenability for a class of Banach algebras which is in fact a generalization 
of the amenability has been developed by Amini in [T . He showed that for every inverse semigroup 
S with subsemigroup E of idempotents, the £ 1 (S')-module amenability of ^(S) is equivalent to 
the amenability of S. This concept was modified in [3] and [5], by using module homomorphisms 
between Banach algebras. In [32], Pourmahmood and Bodaghi introduced the notions of module 
approximate amenability and contractibility of Banach algebras that are modules over another 
Banach algebra. They proved that ^(S) is module approximately amenable (contractible) if and 
only if S is amenable (for the module character amenability and the permanent weak module 
amenability of inverse semigroup algebras refer to [Q and [5], respectively). 

In the current work, we define the concepts of module pseudo-amenability and module pseudo- 
contractibility for Banach algebras. We characterize module approximately amenable in different 
way with [ 22 ]; through vanishing of the first module cohomology groups H^(A, X**) for certain 
Banach A-2l-bimodules X. We also show that module pseudo-amenability of a Banach algebra is 
equivalent to existence of a module approximate morphism. It is proved that a module pseudo- 
amenable Banach algebra is in fact module approximately amenable under a condition. It is shown 
that module pseudo-amenability of A** implies module pseudo-amenability of A. As consequences, 
we deduce that when t' 1 (E) acts on £ x (E ) trivially from left and by multiplication from right, the 
semigroup algebra £ 1 (S ) is I! 1 (E)-module pseudo-amenable if and only if S is amenable. Also, 
£ 1 (S )** is module pseudo-amenable (with respect to the above actions) if and only if the maximal 
group homomorphic image Gs = S/ ~ is finite, where s ~ t whenever S s — St. belongs to the closed 
linear span of the set {S se t — S s t : s,t £ S,e £ E}. 
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2. Notation and preliminary results 

Let A be a Banach algebra, and let A be a Banach A-bimodule. A bounded (continuous) linear 
map D : A —> X is called a derivation if 

D(ab) = D(a) ■ b + a ■ D(b ) (a, b £ A). 

For each ieA’, the derivation ad^, : A —> X defined by ad^a) = a • x — x ■ a is called inner. 
A derivation D : A — > X is said to be approximately inner if there exists a net (a;*) C X such 
that D{a ) = Imp (a • x % — Xi ■ a) for all a £ A. Hence D is approximately inner if it is in the closure 
of the set of inner derivations with respect to the strong operator topology on B(A), the space of 
bounded linear operators on A. The Banach algebra A is approximately amenable ( contractible) if 
every bounded derivation D : A — X* ( D : A —> X) is approximately inner, for each Banach A- 
bimodule X [13], where X* denotes the first dual space of X which is a Banach A-bimodule in the 
canonical way. We use the qualifier w* when that convergence is in the appropriate weak*-topology. 

Let A and 21 be Banach algebras such that A is a Banach 2l-bimodule with compatible actions 
as follows: 

a ■ ( ab) = ( a ■ a)b, ( ab) ■ a = a[b - a) (a, b £ A, a £ 21). 

Let A be a left Banach A-module and a Banach 2l-bimodule with the following compatible 
actions: 

a ■ (a ■ x) = (a ■ a) ■ x, a ■ (a ■ x) = (a ■ a) ■ x, a ■ (x ■ a) = (a ■ x) ■ a (a £ A, a £ 21, x € X). 

Then we say that A is a left Banach A-%l-module. Right Banach A-21-modules and (two-sided) 
Banach A- 21-modules are defined similarly. If a ■ x = x ■ a for all a G 21 and x G A, then A 
is called a commutative left (right or two-sided) Banach A-21-module. If A is a (commutative) 
Banach A- 21-module, then so is A*, where the actions of A and 21 on A* are defined as usual [I]. 

Note that in general, A is not an A-2t-module because A does not satisfy the compatibility 
condition a ■ (a ■ b) = (a ■ a) ■ b for a £ 21, a, b e A. But when A is a commutative 21-module and 
acts on itself by multiplication from both sides, then it is also a Banach A-21-module. 

Let A and 21 be as above and A be a Banach A- 21-module. A (21-) module derivation is a bounded 
(continuous) map D : A —> X satisfying 

D(a ± b) = D(a) ± D(b), D(ab) = D(a) - b + a ■ D(b) (a, b £ A), 

and 

D(a ■ a) = a ■ D(a), D(a ■ a) = D{a ) - a (a £ A, a £ 21). 

Note that D : A —* A is bounded if there exists M > 0 such that ||D(a)|| < M||a||, for each 
a £ A. When A is commutative 21-module, each x £ X defines a module derivation which is inner 
as follows: 

D x (a) = a ■ x — x ■ a (a £ A). 

Consider the module projective tensor product A®<&A which is isomorphic to the quotient space 
(A®A)/T. 4 , where is the closed linear span of {a-a®b—a®a-b : a £ 21, a, 6 £ A}. Also consider 
the closed ideal Xt of A generated by elements of the form (a ■ a)b — a(a ■ b) for a £ 21 , a, b £ A. 
We shall denote I 4 and Ja by I and J, respectively, if there is no risk of confusion. Then I and 
J are A-submodules and 2 l-submodules of A®A and A, respectively, and the quotients A®%A 
and A/ J are A-modules and 21-modules. Also, A/ J is a Banach A- 21-module when A acts on 
A/ J canonically. Also, let uja '■ A ®A —> A be the product map, i.e., w^(a ® b) = ab , and let 
oja : A(g> 2 iA = {A®A)/I —> A/3 be its induced product map, i.e., w^(a ®b + I) = ab + J. 
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Recall that a Banach algebra A is said to be module approximately amenable ( contractible) if for 
any commutative Banach A- 21-module X, every module derivation D : A —> X* (D : A — > X) 
is approximately inner. 

2.1. Definition. A Banach algebra A is said to be module pseudo-amenable if there is a net {v,j} 
in A®q[A which is called a module approximate diagonal for A, so that ui A {uj) is an approximate 
identity of A/ J and Uj ■ a — a - Uj ^ 0 for all a £ A 

2.2. Definition. A Banach algebra A is called module pseudo-contractible if there is a net { Uj } in 
A®aA, say module central approximate diagonal for A , such that Uj ■ a = a ■ Uj for all a £ A and 


3. Main results 

Let 21 be a non-unital Banach algebra. Then 21** = 21©C, the unitization of 21, is a unital Banach 
algebra which contains 21 as a closed ideal. Let A be a Banach algebra and a Banach 2l-bimodule 
with compatible actions. Then A is a Banach algebra and a Banach 2l**-bimodule with compatible 
actions in the obvious way, i.e., the action of 21** on A is as follows: 

(a, A) • a = a ■ a + A a, a • (a, A) = a ■ a + Xa (A £ C, a £ 21, a £ A). 

Let A be a Banach algebra and a Banach 2l-bimodule with compatible actions and let B = 
(A © 21**, •), where the multiplication “ • ” is defined through 

(a, u) • ( 6 , v) = (ab + av + ub , uv ) (a, b £ A,u,v £ 21**). 

Then with the following actions 

u • (a, v) = (u ■ a, uv), (a, v) ■ u = (a ■ u, vu) (a £ A,u,v £ 21**), 

B is a unital Banach algebra and a Banach 2l**-bimodule with compatible actions. The proof of the 
following lemma is similar to Lemma 2.2 in jl3j . so we omit it. 

3.1. Lemma. Let A be a commutative Banach ill-module. If A is module approximately amenable, 
then it has left and right approximate identity. 

3.2. Theorem. Let A be a Banach Vk-module with bounded approximate identity. Then A is module 
pseudo-amenable if and only if A is module approximately amenable. 

Proof. Since A is module pseudo-amenable, there is a module approximate diagonal {uj} in A®aA 
such that 

Uj ■ a — a ■ Uj -A 0, and (a + ff)uj A (uj) —t a + J > 

for every a £ A. Let D : A —► A'* be a bounded module derivation, where A is a A-pseudo-unital 
(see [T] Lemma 2.1]). Let ||D|| < M. Define T : A®aA —* X* by Hi(a <g> b) = D(a) ■ b. Thus, T 
is a bounded 21-module map and ||T|| < ||D||. For every a £ A we have 

(3.1) ^(Aj ■ a — a • Uj) = ( Uj ) ■ a — D(a) ■ uj^(u,j) — a ■ fit( Uj ). 

Let T (uj) = —fj. Then (13.11) implies that 

(3.2) D(a) ■ dj A {u 0 ) = a ■ £j — £j ■ a — ^(uj ■ a — a ■ Uj). 

Since X is A-pseudo-unital, D(a) ■ ui A {uj) —-A D(a). On the other hand, 

(3.3) ll^'(% • a — a ■ Uj)|| < M\\uj ■ a — a ■ Uj\\ -A 0. 
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as j —> oo. It follows from [22 Lemma 3.2], (13.21) and (13.31) that D(a) = lim, (a ■ — £j ■ a), for all 

a G A. 

Conversely, assume that A is module approximately amenable with bounded approximate iden¬ 
tity, say (e*). Corollary 3.6 of [ 22 ] shows that A is module approximately contractible as an 
2t*-module. Applying Theorem 3.4 of [22], B has a module approximate diagonal {rrij} as an 
2t*-module. We put rrij as follows: 

rrij = Uj + Vj <g> a # 1 + 1 <g> a # Wj + 1 ® a « 1, 

in which Uj G A © a # A, Vj,Wj G A and 1 is unit of 21* (we can also construct these nets by (e*)). 
Now consider the following net 

riij = Uj + Vj <g) a # ei + ei <g> a # Wj + e* ® a # e 4 . 

Let I be the index set for the net (e^) and J be the index set for the nets (uj), (vj ), and (uj ). 
We make the required net (rife) by using an iterated limit construction (see [T5j page 69]). Our 
indexing directed set is defined to be K = I x IL g / J, equipped with the product ordering, and for 
each k = (i, f) G K , we define nk = Now, let 

n k = u k + Vk <8>a e k + e*, ® a Wk + e k <S>» e k - 

It is easy to check that {nk} is module diagonal for A. This finishes the proof. □ 

The corresponding result characterizing pseudo-contractibility of a Banach algebra which is 
obtained in HU Theorem 2.4] is as follows. 

3.3. Theorem. Let A be a Banach %-module. Then the following statements are equivalent: 

(i) A* is 21 * -module pseudo-contractible; 

(ii) A is 21* -module pseudo-contractible and has identity; 

(iii ) A is 21 *- module contractible. 

In addition, if A is a left or right essential %-module, the above statements are equivalent with 
following statement: 

(iv) A is 21- module contractible. 

Proof. (i)=»(ii) Let (Uj) C A*®a#-^ t) be a central approximate diagonal for A* such that a ■ Uj = 
Uj ■ a and uJ A t (Uj) —» 1^ for every a € A. We have 

A*§ a # A t = (A§>miA) © (A® a #21*) 0 (2l*® a #A) © (2l*® a #2l*), 

and thus we can write 

Uj = Uj + Tj-© a Aa © l.A®s[#Cy © Cjl^4® a # 1^4, 
where Uj G -4© a # A, aj, bj G A , and A j G C. Then for every a G A we have 

(3.4) a ■ uj + a® a #6j = Uj ■ a + a,-® a #a, w^(uj) + aj + bj —> 0, 
and 

(3.5) aaj = —Xja , bja = —Aj-a, A j -+ 1. 

Since A is 2l*-module pseudo-contractible, A is 2l*-module approximately contractible ([22] The¬ 
orem 3.4]) and this implies that A is 2l*-module approximately amenable ([23 Corollary 3.6]). It 
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follows from Lemma m that A has left and right approximate identity, say (e*) and (/,;), respec¬ 
tively. By (13.51) . we have eidj = —Xjd and bjfi = —Xjfi. Set ei = linp e* and e r = limj /j. Then 
e; = e r = e is an identity for A. Therefore a, = —A je and bj = —A je. Using (13.41) . we get 

a ■ ( : Uj — Aj-e 02 i#e) = (v,j — Xje®<%te) ■ a, ui^(uj) — 2Xje —y 0 . 

This means that the net ( Uj)j defined as above is the desired net. 

(ii) =>(iii) Let (uj ) be module central approximate diagonal for A and e be its unit such that 
u>j(uj) — y e. Similar to the proof of Theorem 2.4 ((ii)=>(iii)) in [15], we conclude that (iii) holds. 

(iii) =>(i) In light of [4, Theorem 2.3.11], A® is 2l®-module pseudo-contractible. 

Now, let A be left or right essential 21-module and (iv) hold. Since every 2l®-module homomorphism 
is also an 21 -module homomorphism, (iv) implies (iii). 

Conversely, let (iii) hold, and let X be a commutative Banach A- 21-module and D : A —► X 
be a 21®-module derivation. Since X become a Banach „4-2l®-module and A is left (right) essential 
21-module, D is a bounded derivation (see [22]) and we have 

D((a , A) • a) = ( a , A) ■ D(a), and D(a • (a, A)) = D(a) • (a, A), 

for every a £ A, a £ 21 and A € C. Hence D is an 21^-module derivation which is inner. Therefore 
A is 21 -module contractible. □ 

Consider the module projective tensor product A®<&tA which is isomorphic to the quotient 
space (>4.0„4) /X 4 , where I a is the closed linear span of {a ■ a<g)b — a® a ■ b : a £ 21 $,a,b £ yl}, and 
the closed ideal Ja of A generated by elements of the form (a ■ a)b — a(a ■ b ) for a £ 21 ®, a,b £ A. 
Also, let Wa '■ = {A®A)/Xa —* A/ Ja defined by oJ^(a 0 b + TX) = ab + Ja- 

3.4. Proposition. Let A be a commutative Banach ‘Ql-module with central approximate identity. 
If A is 21® -module approximately amenable, then it is 21® -module pseudo-amenable. Furthermore, 
if A is left or right essential 21- module, then %-module approximate amenability of A implies its 
21 - module pseudo-amenability. 

Proof. Let (e*) be the central approximate identity for A. Given £ > 0 and finite set F C A, 
choose ei ,, e ,; 2 £ (ei) such that for every a £ F 

\\ei x a — a\\ < e/2 and jje^e^a — < s/ 2 . 

Consider X = keruJ .4 as a commutative A-2l®-module. Define D : A —> X by 

D(a) = ae h 0 a it e i2 - e ix 0 «a# e i2 a, 

for all a £ A. Clearly, D is a 2l®-module derivation. Our assumption implies that A is 2l®-module 
approximately contractible f [221 Corollary 3.6]). Thus, there exists x = x(e^,ei 2 ,£,F) £ X such 
that || D(a) — (a ■ u — u • a)|| < £, for all a £ F. Put U = 0 a # e * 2 — u. Obviously, U £ A 0a# A 

and 

a • U — U • a —y 0, to(U)a — a —y 0, 

for all a £ A. This means that (U) is a module central approximate diagonal for A. The rest of 
the proof is clear by repeating the above statements and using Corollary 3.6 in [22] . □ 

In general case, J ■ (A 0 A) is not a subset of I and thus (A.0^4)/I is not always an A/ J- module. 
We say the Banach algebra 21 acts trivially on A from left (right) if there is a continuous linear 
functional / on 21 such that a- a = f(a)a (a ■ a = f(a)a), for each a £ 21 and a £ A (see also [2]). 
The following lemma is proved in [7J Lemma 3.13]. 
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3.5. Lemma. If 21 acts on A trivially from the left or right and A/ J has a right bounded approx¬ 
imate identity, then for each a GUI and a G A we have f(a)a — a ■ a G J . 


We note that if all conditions of Lemma 13.51 hold, then A/ J is a commutative 21-module. We 
now show that when A/ J has a right bounded approximate identity, then {A®A)/I is A/J- 
module if 21 acts on A trivially from left or right. For the case of the trivial left action, consider 
the following actions 

(a + J) ■ (b ® c + X) = ab ® c +X, (b ® c + X) ■ (a + J) = b ® ca +1. 

For a,b,c G A and a G 21, we have 

[a • a — f(a)a] ■ (b® c) = (a ■ a)b ® c — f(a)ab ® c = (a ■ a)b ® c — ab ® a • c G X. 

Thus left action is well-defined. Similarly, one can show that the right action is also well-defined. 

3.6. Proposition. Let 21 act trivially on A from left (or right) such that each approximate identity 
of A/3 is also an approximate identity for X. If A is Ul-module pseudo-amenable and X be a 
commutative Banach A-Ul-module, then 

(i) every continuous module derivation from A/ J into X, is approximately inner. 

(ii) every continuous module derivation from A/ J into X*, is w*-approximately inner. 


Proof. Let (iij) C „4,<S>2iA be a module approximate diagonal for A and (u> A (uj)) be a right and 
left approximate identity for X. 

(i) Let D : A/ J — > X be a continuous module derivation. Assume Uj = JT a[ j) ®2i b[ j) = 
EM j) ® b\ j) +1) and let & = £. D(a[ j) b[ j) + J). Then 


Dda + JXa^b^+J)) 

(3.6) 
and 

D{(a^+J)(a + J)) 

(3.7) 

For every a G A, we have 


D(a + J) • (aW } + J) + (a + J) ■ D(a\ j) b^ j) + J) 

D(a + J) ■ (ap\ W + J) + (a + J) ■ D(a\ j) + J) ■ (b\ j) + J) 

+(aap ) + J) ■ D(b { p + J), 

l)(,i; n lr l} + J)- (a + J) + (a^b\ j) + J) ■ D(a + J) 

D(a { p + J) ■ (b^a + J) + (a\ j) + J) ■ D(b[ j) + J) ■ (a + J) 

+(a\ j) b\ j) + J)-D(a + J). 


(a + b^ + X)) — ] ( a j^ + X))(a + J) —> 0. 

i i 

Due to the continuity of D 

(3.8) D((a + J)u A (Y^(a^ b^ +1)) - ^(^(a^ b^ +X))(a + J)) ->■ 0, 

i i 

for all a G A. Since uj A (uj) is left approximate identity for X and approximate identity for A/ J , 
by (13.71) , we get 

(3.9) D(a { p + J) ■ (b[ j) a + J) + (a^ + J) ■ D(b[ j) + J) • (a + J) -»■ 0. 

From (13.61) . (13.81) and (13.91) we deduce that 

(3.10) (a + J) ■ — fj • (a + ff) + D(a + J) ■ uj A (uj) —> 0. 
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Again by our assumption that (u>a{ u j)) is right approximate identity for X, we conclude that 
D(a + J)u A (uj) —> D(a + J), for all a £ A. This implies 

D(fl + U) = lim ■ (d + fj) — (d + U) ■ £,j, (d £ A). 

3 

(ii) Let D : A —> X* be a module derivation. Setting D(a ® 5-^ + J), we have 

(d + J) ■ ■ (a + J) + D(a + ~* 0- 

It follows from the property of (lu(uj)) that • D(a) D(a). Then 

D(a + J) = lim ■ (a + J) - (a + J) ■ £j, 

3 

for all a £ A. □ 

The next consequence was proved in [15], but the net (£ a ) which is defined in its proof does not 
satisfy in the condition d£ Q — t; a a — D{a)'n{u a ) —> 0. We point out that this result can be deduced 
as a corollary of Proposition 13.61 

3.7. Corollary. Let A be a pseudo-amenable Banach algebra, and let X be a Banach A-bimodule 
such that each approximate identity of A is also an approximate identity for X. Then: 

(i) every continuous module derivation from A into X, is approximately inner. 

(ii) every continuous module derivation from A into X*, is w* -approximately inner. 

3.8. Proposition. Let A and B be Banach 21- modules. If there is a continuous %-module epi- 
morphism from A onto B and A is module pseudo-amenable, so is B. In particular, the quotient 
algebra A/1 is module pseudo-amenable for any two-sided closed ideal I of A. 

Proof. Assume that f> : A —>■ B is a continuous 21-module epimorphism. Then the map <j> <8> <f> : 
A®f&A = (A®A)/Ia —> B®<&B = {B®B)/1b defined by <f <g> <j>(a ®b + 1 a) = <j>(a) <g> f>(b) + 1b 
takes any module approximate diagonal for A to a module approximate diagonal for B. □ 

Recall that the convex hull of a subset A of a normed space X, denoted by co(A), is the 
intersection of all convex sets in X that contains A. 

3.9. Theorem. Let A be a Banach Q-bimodule with compatible actions. Then the following state¬ 
ments are equivalent: 

(i) A is module approximately amenable; 

(ii) For any commutative A-Q-module X, every bounded derivation D : A —>■ X** is approx¬ 
imately inner. 

Proof. (i)=»(ii) This is trivial. 

(ii)=>(i) It is sufficient to show that every module derivation D : A —> X is approximately 
inner. If i : X — X** is the canonical embedding, then D = i o D is a module derivation from A 
into X**. By assumption, there exists a net (<!>.,■) in X** such that 

D(a) = lim(a • - a), (a £ A). 

3 

Take e > 0 and finite sets J- C A, E C X*. Then there is a j such that 

\{D(a) - (d • • a),/)| < e (/ £ E, a £ F). 

By Goldstien’s Theorem, there is a Xj £ X such that 
I (f,D(a) - (d • Xj - Xj • a))| < e 


(/ £ E, a £ T). 
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Therefore there is a net ( Xj)j £ T C X so that D(a ) = lint,(a • Xj — Xj ■ a) weakly in A'. Now for 
each finite set J- C A, say F = {ai,..., a k }, 

(ax - Xj - Xj -ai,...,a k ■ Xj - Xj ■ a k ) -s> (D(ax),..., D(a k )), 

weakly in X n . Thus (D(a \),..., D(a k )) belongs to the weak closure of 

V = co{(ai • Xj — Xj ■ ai,..., a k ■ Xj — Xj ■ a k ) : j £ T}. 

By Mazur’s Theorem, (D(a i),..., D(a k )) belongs to the norm closure of V. Hence, for each e > 0, 
there is £ co{a;j} such that 

|| D(a) — (a ■ ur,e ~ «F, e • a)|| < e, (a £ F). 

The last inequality shows that A is module approximately amenable. □ 

We denote by □ the first Arens product on A **, the second dual of A. Here and subsequently, 
A** is equipped with the first Arens product. 

3.10. Theorem. Let A be a Banach 2t -module such that A(k><&A is a commutative Banach .4-21- 
module. Then module pseudo-amenability of A** implies module pseudo-amenability of A. 

Proof. According to the argument of the proof of [22] Proposition 3.7], we see that under our 
assumption there is a net (to,) C (.4<g><a-4)** such that (rhi)-(a+J) —>• a+J and a-fhi—rhi-a —> 0 
for all a £ A. Now, we can use Goldstien’s Theorem to obtain (fhi) in _4®<a-4, and we can replace 
weak* convergence in the above two limits by weak convergence. This implies, by Mazur’s Theorem, 
that A is module pseudo-amenable. □ 

Let X and Y be Banach spaces. Then the weak* operator topology on B(X,Y*) is the locally 
convex topology determined by the seminorms {p x ,y ■ x £ A, y £ Y}, where p x ,y($) = ("3?(rc), j/). 

Let X and Y be Banach M-modules and Banach 21-modules. A net (T k ) of bounded maps from 
X into Y, satisfying 

(3.11) ||T fe (a • x) - a ■ T k (x)\\ -> 0, \\T k (x ■ a) - T k (x) ■ a\\0, (a £ A,x £ X), 

(3.12) \\T k (a ■ x) - a ■ T k (x)\\ —»• 0, \\T k (x ■ a) - T k (x) ■ a|| -»• 0, (a £ 01, x £ X), 

is said to be an module approximate morphism from X to Y. If Y is a dual Banach space, and 
we replace norm convergence by rc*-convergence in 113. Ill) and (13.1211 , we call ( T k ) a module w*- 
approximate morphism. The following theorem is analogous to [241 Theorem 2.4] in the case of 
module pseudo-amenability. We include the proof. 

3.11. Theorem. Let A®<&A be commutative as an A-H-module. Consider the following conditions: 

(i) A is module pseudo-amenable; 

(ii) there is a module approximate morphism (Si) from A/ J into such that 

||w.4 ° Si(a ff) — (a + j7)||—>0 (a £ A); 

(iii) there is a module w*-approximate morphism Ti : (M®aM)* —> (A/ J)* such that lim; T; o 

= id;jxuY in weak* operator topology. 

Then (i) => (ii) => (iii). In addition, if A/ J has a central approximate identity, then all 
assertions are equivalent. 
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Proof, (i) => (ii) Suppose that {uj} is a module approximate diagonal for A. Since A(§><x,A is 
commutative 21-module, the map Si : A/ J —»• A®<&A; a + J i-x Uj ■ (a+J) satisfies the properties 
of condition (ii). 

(ii) => (iii) The map T), the dual of Si satisfies the conditions of assertions (iii). 

(iii) =>• (i) Assume that ( v k ) k er is a central approximate identity for A/ J and X) : (_4®2i-4)* —> 
{A/ J)* (l £ S) satisfies the conditions of statement (iii). For each a € A and ip £ (-4,<g>»-4)*> we 
have 

limlim (o • Tf(v k ) — Tf(v k ) ■ a,ip) = limlim (Tj*(v k ), <p ■ a — a ■ ip) 
k 1 k l 

= limlim (Ti(ip ■ a) - T t (a ■ p),v k ) 
k l 

= limlim ( Ti(ip • a) - T t (ip) ■ a + Ti(p) ■ a - Ti(a ■ <p),v k ) 

= lim lim (I) (ip ■ a) - T x (<p) ■ a, v k ) 
k l 

+ limlim (a • T)(</j) - T z (o • tp),v k ) 
k l 

= lim(0 + 0) = 0. 
k 

Note that module action A over A/ J and the product in A/ J coincide. Also, for each a £ A and 
/ 6 {A/ J)*, we get 

limlim {Tf {v k )) ■ (a + J),f) = lim lim (T*(v k ),u* A {{a + J) ■ /)) 

k l k l 

= lim lim (Tj {u* A ( (a + J) ■ f)) , v k ) 
k l 

= lim ((a + J) ■ /, v k ) 
k 

= lim (/, v k ■ (a + J)) 
k 

= (/, a + J) ■ 

Let S = T x E r be directed by the product ordering and for each p = (k,(l k ')) £ £, let n p = 
Ti k (n k ) £ (A®a-4)**. Using the iterated limit theorem [18} page 69] and the above calculations, 
we have a ■ n p — n p ■ a —X 0 weak* in (A®?&A)** and Cj* a (n p ) ■ (a + J) —X a + J weak* in (A/ J)** 
for all a £ A. Now, the same argument in the proof of Theorem 13.101 can be applied to show that 
A is module pseudo-amenable. □ 

Recall that an inverse semigroup is a semigroup S such that for each s £ S there is a unique 
element s* £ S with ss*s = s and s*ss* = s*. Elements of the form s*s are called idempotents 
and the set of all idempotents is denoted by Es (or E). 

Let S be a (discrete) inverse semigroup with with subsemigroup E of idempotents. We say that 
S' is a semilattice if S is commutative and Eg = S. It is easy to see that E a semilattice El 
Theorem 5.1.1] with the following order 

e < d ed = e (e, d £ E). 

In particular i 1 (E ) could be regarded as a subalgebra of t ?1 (S). Consequently, £ 1 (S) is a Banach 
algebra and a Banach l 1 (E)-module with compatible actions [Tj. Consider the actions of l x (E) on 
^ 1 (S) as follows: 

5 e ■ S s = 5 S , 6 S - S e = S se = 5 s *5 e (s £ S,e £ E). 

From now on, we assume that e(S) is a Banach bimodule over (^(E) with the above actions. 
Let the ideal J be the closed linear span of {6 set ~5 s t : s,t £ S,e £ E}. We consider an equivalence 
relation on S such that s « t if and only if S s — 5t £ J for all s,t £ S. It is shown in [2()j that 
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the quotient S/m is a discrete group (see also [1]). Indeed, S/« is homomorphic to the maximal 
group homomorphic image Gs [l9j of S [23] ■ Moreover, S is amenable if and only if Gs = <S/« is 
amenable 0 Hi- 

On should remember that a Banach algebra A is pseudo-amenable if there is a net (uj) C A® A, 
called an approximate diagonal for A, such that a ■ Uj — Uj • a —0 and uj^(uj)a a for all 

a £ A [151 . 

To achieve our aim, we need the following lemma which is analogous to [3] Theorem 2.2.15] for 
the module pseudo-amenability case. Since the proof is similar, it is omitted. 

3.12. Lemma. Let A be a Banach 21- module with trivial left action and Aj J has a right bounded 
approximate identity. Then A/ J is module pseudo-amenable if and only if it is pseudo-amenable. 

3.13. Theorem. Let S be a discrete inverse semigroup. Then 

(i) (r{S) is module pseudo-amenable if and only if S is amenable; 

(ii) is module pseudo-amenable if and only if Gs is finite. 

Proof, (i) First note that = £ 1 (Gs) (see [23j) is a commutative Banach f 1 (E)-bimodule. 

If l 71 (S') is module pseudo-amenable, then so is ^ 1 (Gs) by Proposition [3?H1 Since the group algebra 
^ 1 (Gs) has an identity, the module pseudo-amenability of £ 1 (Gg) is equivalent to its pseudo¬ 
amenability by Lemma 13.121 Now, it follows from [151 Proposition 4.1] that Gs is amenable. 
Therefore S is amenable by 0 Theorem 1], The converse is clear by [TJ Theorem 3.1]. 

(ii) If Gs is finite, then £ 1 (S)** module amenable by j2j Theorem 3.4] (see also [20] Theorem 
2.11]). Thus ^ 1 (S)** is module pseudo-amenable. 

Conversely, let Af be the closed ideal of A** generated by (F ■ <5 e )DG — FIH(<5 e • G), for F,G £ 
^ 1 (S)** and e £ E. Similar to the proof of (2] Theorem 3.4] we can show that J C Af C . If 
l 1 {S )** is module pseudo-amenable, so is £ 1 (S)**/Af by Proposition 13.81 Going back to the case 
where A = £ 1 (S )**, J = Af and 21 = £ 1 (E ) in Lemma 13.121 Then ^(S)**/Af is pseudo-amenable. 
The map 0 : £ l (S)**/Af —>• defined by 0{F + N) = F + is a well defined 

continuous epimorphism. Since homomorphic image of a pseudo-amenable Banach algebra under a 
continuous epimorphism is again pseudo-amenable HU Proposition 2.2], ^(5)**/J xx “ l\G s )** 
is pseudo-amenable. Now, Proposition 4.2 from [15] shows that Gs is finite. □ 

We finish the paper by two examples. First we give an example for which A is module pseudo- 
amenable but not pseudo-amenable. This example indicates that this new notion of amenability 
is different from the classical case. The second example shows that the semigroup algebra on the 
Brandt inverse semigroup is module pseudo-amenable (contractible) and pseudo-amenable but not 
pseudo-contractible. 

3.14. Example. Let C be the bicyclic inverse semigroup generated by p and q, that is 

C = {p m q n :m,n> 0}, ( p m q n )* = p n q m . 

One can easily check that ss*s = s and s*ss* = s*. The set of idempotents of C is Ec = {p n q n : 
n = 0,1,...} which is totally ordered with the following order 

p n q n < p m q m 4=> m < n. 

It is shown in (2j that C/ « is isomorphic to the group of integers Z, hence C is amenable (see also 
0 and [21]). Therefore, by Theorem 13.131 £ 1 (C ) is module pseudo-amenable as an £ 1 (£'c)-module 
but £ 1 (C)** is not. On the other hand, any Banach algebra with a bounded approximate identity 
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is approximate amenable if and only if it is pseudo-amenable [151 Proposition 3.2]. Since £r(C) is 
not approximately amenable |16l . it is not pseudo-amenable. 

3.15. Example. Let G be a group with identity e, and let I be a non-empty set. Then the Brandt 
inverse semigroup corresponding to G and /, denoted by S = M(G, /), is the collection of all I x I 
matrices (g)ij with g e G in the {i,j) th place and 0 (zero) elsewhere and the / x / zero matrix 0. 
Multiplication in S is given by the formula 

(. g)ij{h)ki = | ^ ll j (g, h g G, i,j,k,i e J), 

and (g)*^ = ( g~ 1 )ji and 0* = 0. The set of all idempotents is Es = {(e)^ : i G 1} (J{0}. K is shown 
in Ea Example 3.2] that £ 1 (S ) is module contractible. But if the index set / is infinite, then (r(S) 
is not pseudo-contractible m Corollary 2.5]. It is well-known that in the case where S = A4(G, I), 
we have G = Gs■ Since pseudo-amenability of ^(S) is equivalent to the amenability of G [T2] and 
Gs is the trivial group [20], two concepts of module pseudo-amenability and pseudo-amenability 
on f 1 (5) coincide. 
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